The difference of the thermal Casimir forces at different temperatures between real metals is shown to increase with a decrease of the separation distance. This opens new opportunities for the demonstration of the thermal dependence of the Casimir force. Both configurations of two parallel plates and a sphere above a plate are considered. Different approaches to the theoretical description of the thermal Casimir force are shown to lead to different measurable predictions.
where ω p = 2πc/λ p is the plasma frequency. The thermal Casimir force was found [21, 22] by the substitution of Eq. (1) into the Lifshitz formula [23] written in the form of a discrete sum over the Matsubara frequencies. For our purposes, the perturbation result obtained in [22] (see also [20] ) is the most convenient. It is given by 
where k B T ef f ≡hc/(2a), δ ≡ λ p /(2π), F
pp (a) = −π 2h c/(240a 4 ), ζ(z) is zeta function, and coefficients c i (2 ≤ i ≤ 6) are explicitly calculated in [22] (their exact values are not needed for our present purposes). In fact Eq. (2) is the perturbation expansion in powers of two parameters δ/a, where δ is the skin depth of electromagnetic oscillations in the metal, and T /T ef f , which are small in the above separation range. One of these parameters takes into account the finite conductivity of a metal and the other one the nonzero temperature. It should be noted that there are no thermal corrections up to (T /T ef f ) 4 in the higher order conductivity correction terms from the second up to the sixth order. If one would wish consider a < λ p , our parameter δ/a is not small and it is necessary to use the optical tabulated data for the complex refractive index to compute the thermal Casimir force [6] . At a > 2 µm the low-temperature asymptotic (2) is not applicable and numerical computations of Ref. [22] should be used. The regions a < λ p and a > 2 µm are not of our interest here as the first one is not achievable experimentally for the test bodies of > 1 mm size, and within the second the total Casimir force is too small. Now let us suppose that the equilibrium temperature is rapidly changed from T 1 to a new temperature T 2 such that T 2 > T 1 . The subject of our interest is the difference of the two thermal Casimir forces
Substituting Eq. (2) into Eq. (3), we arrive to
where
It is clearly seen that the quantity (4) is negative (i.e. has the same sign as an attractive Casimir force) because with an increase of temperature the magnitude of the force increases. It should be particularly emphasized that the magnitude of ∆F pp decreases with an increase of separation distance. This leads to the conclusion that in difference force measurements the thermal effect of the Casimir force can be measured more likely at small separations than at large ones where the relative thermal correction inself is greater. In Fig. 1 the dependence of ∆F pp on separation distance is plotted for Au (λ p = 136 nm), T 1 = 300 K, and T 2 = 350 K (solid line). In the same figure the result for ideal metal (infinite conductivity) is shown as a dashed line. It is seen that at the smallest separation where the above computations are applicable (a = 0.15 µm) the difference thermal effect is more than 9 times stronger than at the largest separation (a = 2 µm). The low-temperature result for the ideal metal is obtained from Eqs. (4), (5) by putting δ = 0. It does not depend on the separation distance. Now we consider the configuration of a sphere (spherical lens) above a plate. This configuration was used in the most precise experiments on measuring the Casimir force by means of an atomic force microscope [9] [10] [11] [12] . Here the free energy is given by the Lifshitz formula. The Casimir force acting between a plate and a lens can be obtained by means of the so called proximity force theorem. The relative error introduced by this theorem is of order a/R [24] , where R is a sphere radius, i.e. it is a fraction of a percent for separations under consideration, given the large spheres with R ∼ 1 mm to be used in experiment. The perturbation result obtained in analogy with Eq. (2) is [20, 22] (6) where
. For the two thermal Casimir forces at temperatures T 1 and T 2 for the configuration of a sphere above a plate we consider the difference quantity ∆F ps defined as in Eq. (3) . By the use of Eq. (6) the following result is obtained
In analogy with the case of two parallel plates, it is seen that at low temperatures (T 1 , T 2 T ef f ), where the present theory is applicable, ∆F ps is negative as expected. It should again be noted that the magnitude of ∆F ps is a decreasing function of the separation distance. Thus the difference force measurements of the thermal effect on the Casimir force can be done at small separations rather than at large separations.
In Fig. 2 the dependence of ∆F ps /R versus separation distance is plotted for Au with T 1 = 300 K, and T 2 = 350 K. The case for the ideal metal with infinite conductivity is shown as a dashed line. At the smallest separation a = 0.15 µm the difference thermal effect is more than 2 times stronger than at a = 2 µm. In contrast to the case of two parallel plates, for ideal metals, the quantity ∆F ps /R decreases with increasing separation distance.
The difference thermal forces considered above are well adapted to resolve the contradictions between alternative theoretical approaches to the calculation of the Casimir force at nonzero temperature. In the approach used here (see also [20] [21] [22] 25] ) the plasma dielectric function, valid at the characteristic frequencies c/(2a) and 2πk B T /h, is extended for all frequencies. In particular, it was used to calculate the zero-frequency term of the Lifshitz formula for the force and free energy. The alternative approach [26, 27] uses the physically correct behavior ε ∼ ω −1 at small frequencies at nonzero temperature. As a result, the contribution of the zero-frequency term in the two approaches is different and this has given rise to extensive discussion [28] [29] [30] [31] [32] [33] in the recent literature. In Ref. [32] it was shown that the dependence ε ∼ ω −1 leads to surprises such as negative values of entropy of the fluctuating electromagnetic field between the plates and the violation of the Nernst heat theorem. To avoid this problem, it was suggested in Ref. [32] that for the surface separations of order 1 µm the behavior of ε at characteristic frequencies should be extended for all frequencies, including the zero frequency. This is in fact embedded in the use of the plasma model, as above, for the dielectric function [21, 22] . It must be also emphasized that the physical results obtained in this manner coincide with those obtained by means of the Leontovich surface impedance [33] .
To contrast the behavior of the difference thermal Casimir force between the two theoretical approaches, let us consider the experimentally preferred configuration of a sphere (spherical lens) above a plate. The difference of the thermal Casimir forces calculated in the approach of Refs. [20] [21] [22] 25] is given by Eqs. (7), (8) . We now fix a value of separation, say, a = 0.5 µm, fix T 1 = 300 K, and consider ∆F ps as a function of T 2 , where T 1 ≤ T 2 ≤ 350 K. In the approach of Refs. [26, 27] , the perpendicular polarization does not contribute to the zero-frequency term of the Lifshitz formula whereas the contribution of the parallel polarization is the same as the one given by the plasma model. All other terms of the Lifshitz formula are the same in both approaches in the low temperature limit under consideration here. The zero-frequency contribution of the perpendicular polarized modes into the Casimir force F ps (a, T ) calculated in the framework of the Lifshitz formula and plasma model is given by [20] 
(higher order terms do not contribute at separations a ≥ 0.5 µm). Then, the low-temperature thermal force in the approach of Refs. [26, 27] is obtained by the subtraction of Eq. (9) from Eq. (6). As a result, the difference force in the approach of [26, 27] is given by
where ∆ (1) F ps and ∆ (2) F ps are defined in Eq. (8).
In Fig. 3 , the quantity ∆F ps /R is plotted versus T 2 at a separation a = 0.5 µm and T 1 = 300 K using the approach of [20] [21] [22] 25] (solid line) and using the alternative approach of [26, 27] (dotted line). The result for ideal metal boundaries practically coincides with the solid line for the scale used in the figure. Three significant differences emerge for the |∆F ps /R| as a function of T 2 for the two approaches considered. First, it is seen in Fig. 3 that at T 2 = 350 K, the value of |∆F ps /R|, given by the dotted line, is more than 6 times larger than that given by the solid line, a difference which should be measurable experimentally. Second, it should be noted that in the approach of [26, 27] the sign of ∆F ps is positive, i.e. the magnitude of the thermal Casimir force decreases with an increase of T . Third, the quantity |∆F ps /R|, given by the dotted line, changes rapidly with the change in T 2 .
In conclusion we would like to note that the changes of the force amplitude predicted above are of order 10 −13 N for the sphere of radius R = 2 mm and T 2 − T 1 = 50 K. This difference of temperature can be achieved by the illumination of the sphere and plate surfaces with laser pulses. If laser pulse durations of 10 −2 s are chosen, calculations show that equilibrium temperatures of T 1 and T 2 can be achieved for sufficient duration allowing Casimir force measurements by means of an atomic force microscope (note that force oscillations of order 10 −13 N were demonstrated with a relative error of about 20% at a 95% confidence level in the recent measurement of the lateral Casimir force [14] ). The proposed experiment having the same accuracy would also help in resolving the differences in the alternative theoretical approaches to the description of the thermal Casimir force between real metals. This work was supported by the National Science Foundation and National Institute for Standards and Technology. G.L.K. and V.M.M. were also supported by CNPq (Brazil). 
